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Abstract 

This paper presents generalized momentum mappings for covariant Hamiltonian 
field theories. The new momentum mappings arise from a generahzation of symplec- 
tic geometry to LyY, the bundle of vertically adapted linear frames over the bundle 
of field configurations Y. Specifically, the generalized field momentum observables are 
vector-valued momentum mappings on the vertically adapted frame bundle generated 
from automorphisms of Y. The generalized symplectic geometry on LyY is a covering 
theory for multisymplectic geometry on the multiphase space Z, and it follows that 
the field momentum observables on Z are generalized by those on LyY . Furthermore, 
momentum observables on LyY produce conserved quantities along fiows in LyY. For 
translational and orthogonal symmetries of fields and reparametrization symmetry in 
mechanics, momentum is conserved, and for angular momentum in time-evolution me- 
chanics we produce a version of the parallel axis theorem of rotational dynamics, and in 
special relativity, we produce the transformation of angular momentum under boosts. 
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1 Introduction 

Norris' generalization [|l^, |l^, |l^] of the symplectic geometry of the cotangent bundle has 
been a successful theoretical tool for particle mechanics. Norris has shown that the stan- 
dard symplectic geometry of the cotangent bundle to an n-dimensional manifold may be 
obtained in its entirety from the n-symplectic geometry of the linear frame bundle. The key 
component of n-symplectic geometry is recognizing that the canonical soldering one-form 
of a frame bundle |^ may be employed as a vector-valued n-symplectic potential. 

Subsequently, it has been shown |Q, ^ that the multisymplectic geometry of the (affine) 
multiphase space Z introduced by Kijowski ||^, |^ and refined by Gotay, et al. Q, may be 
generalized by adapting Norris's theory to LyY, the bundle of vertically adapted linear 
frames of a configuration bundle y of a classical field. We may use the new theory to 
reproduce the Poisson bracket of momentum observables on Z. However, the momentum 
observables on Z are not closed under this bracket, whereas the analogous momentum 
observables on LyY are closed under the analogous Poisson bracket |Q, [lO[ |. 

The purpose of this paper is to extend this work in generalized symplectic geometry to 
include momentum mappings for field theories. In the Hamiltonian framework, momentum 
mappings are the foundation for obtaining conserved quantities from group symmetries of 
phase space (the symplectic or multisymplectic manifold). Because the generalized symplec- 
tic structure is invariant under automorphisms of y lifted to LyY, momentum mappings on 
LyY induce the momentum mappings on Z found in |^]. This is analogous to the result of 
Norris [^] , which induces the momentum mappings of standard symplectic geometry of the 
cotangent bundle from the theory of n-symplectic geometry. The momentum observables 
on LyY established in Q and are shown to be a special case of the new momentum 
mappings obtained from the Lie algebra of projectable vector fields on Y. 

When we consider momentum mappings constructed from the infinitesimal generators 
of the translation group, an orthogonal group, or an affine group, we obtain conserved 
quantities along fiows that give us "frame bundle" versions of conservation of linear field 
momentum, conservation of angular field momentum, and a "parallel axis theorem" for 
field theories. We may also use time-reparametrization symmetry in mechanics to extend 
an application of Norris |15, ^ regarding parallel transport of frames along geodesies of a 



Riemannian metric. 

The format of this paper is as follows. First we summarize multisymplectic geometry 
in Section 2, and then we introduce momentum mappings on LyY in Section 3. In Section 
4 we generate momentum mappings on Z from those on LyY, and in Section 5 we derive 
conserved quantities. Examples are found in Section 6. 
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2 Momentum mappings in multisymplectic geometry 

Let X be an oriented n-dimensional manifold and let ttxy ■ Y ^ X he a fiber bundle with 
standard fiber a /c-dimensional manifold. (Note: In general, we shall denote a projection 
from A onto B as ttba-) A classical field is a section of the field configuration space Y over 
the parameter space X. From local coordinates {x*}, i = 1, . . . ,n on X we may construct 
local adapted coordinates {x*,?/"^}, i = l,...,n, A = l,...,k, on y. The multivelocity 
bundle is the (first-order) jet bundle JY, the affine bundle over Y whose fiber over y € Y 
consists of linear maps jy : T^^^iy)-^ ~^ '^y^ satisfying ttxy* °ly = ^^t^xy^v)-^' ^ section 
of JY over Y can be identified with an Ehresmann connection on t^xy :Y ^ X. 

The bundle of affine cojets |6| J*Y is the vector bundle over Y whose fiber at y is 
the set of affine maps from JyY to A^^^^^^^X. It follows that dim J*y = dim jy + 1. An 
equivalent description of J*Y is useful. Define the vertical subbundle of TY to be 

V{TY) := {wy \y & Y,Wy e T^y and vrxy*(w^y) = 0} . 

The multiphase space Z |8| is the fiber bundle whose fiber Zy over y E y is 

Zy := {z e A;;y |wJu;Jz = OVv, u;G V{TyY)} , 

where J denotes the inner product of a vector with a differential form. The bundle Z, 
originally defined by Kijowski admits a canonical n-form, 

G(z) = n*yz{z) , 

which is the pullback via inclusion Z ^ A"y of the canonical n-form on A'^y, and Z is 
"canonically" isomorphic to J*Y Q. We can define coordinates {x'' , y^ , p'^^ , p} on Z where 
{x\ y^} are the lifts of the adapted coordinates of Y, 

Piz) = ^J...jAj,, ^ (2.1) 

where denotes the omission of If we define in local lifted coordinates 

d^x := dx^ A • • • A dx" , d"^^Xi := d"x , and (i"~^Xi,- := ^ J ^ J d"x , 

ax* oxi ax* 

then Q may be expressed locally as 

e = p\dy^ A d^'-^Xi + pd^'x 

The (n + l)-form dQ is nondegenerate and thus may be considered a multisymplectic struc- 
ture form on Z. The pair {Z,dQ) is called a multisymplectic manifold [^]. 

Definition ^] Let a Lie group S act on the left on Z and the multisymplectic structure 
form d@ be invariant under this action. Let q be the Lie algebra of S- A mapping 

J : Z ^ a* ^ A''-^Z 
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is a momentum mapping if J covers the identity on Z and if J is defined by 

J{Oiz) = {Jiz),0 

then 

where is the infinitesimal generator of the S-action on Z induced by G g. 

Definition A Hamiltonian observable on Z is an (n — l)-form f on Z that satisfies 

df = -XJde (2.2) 

for some vector field X on Z. The vector field X is called a Hamiltonian vector field on 

For a momentum mapping J and ^ € g, J(^) is a Hamiltonian observable and is the 
corresponding Hamiltonian vector field. 

The group Auty of fiber bundle automorphisms of Y over X is the multisymplectic 
analogue of the group Diff X of diffeomorphisms of configuration space in the symplectic 
geometry of the cotangent bundle T*X. Let XY be the Lie algebra of vector fields on Y. 
Denote the space of vector fields of Y projectable to X by Xp^^jY. Note that Xp^^jY is a 
Lie subalgebra of XY, since [7rxY*v,TTxY*w] = 7rxY*['v,w] p. 85]. 

Lemma 2.1 The group Aut Y formally has for its Lie algebra the vector space of complete 
projectable vector fields on Y. 

Proof (Motivated by |j^].) We identify the Lie algebra of Auty with the set of all vector 
fields of Y which are tangents to curves through the identity of Aut Y. Let {r]Yx \ A G M} 
be a curve in Aut Y such that r/yg = Idy. For each r]Yx there exists rjxx, a diffeomorphism 
of X such that ttxy °Vy\ = Vx\ °'^XY- Since rjyx € Auty C Diff y, v := ^??yA| A=o is a 
tangent vector at Id y , ry o = Id x and 

(vrxy(y)) =-■ vo-KxY{y) ■ 

A=o 

Observe that if t^xtx ■ TX X is projection then ttxtx ov = Idx- Therefore, T^y Auty 
is isomorphic to a vector subspace of Xp^^jY. In the case that Y is compact we shall show 
that Tidy Auty is all of the space Xp^^^Y. Let (f> be the flow box Q for v at y and let $ be 
the flow box for v at 'Kxy{v)- Then for each y € y, we have that vrxy o*I*o(y) = %d°''^XY{y)-, 

^(vrxy o ^t){y) = 'T^xY*v{^t{y)) = 1^ (TTjcy ($*(?/))) =v{{t^xy o ^t){y)) 
dt 

and 

— {^t°T^xY){y) = v{^t{TTxY{y))) =!!((£* ovrxy)(y)) . 

Thus TTxY ° ^t{y) and $j o vrxy {y) are curves in X that solve the same initial value problem 
on open neighborhoods of t and of irxY{y)- By an existence and uniqueness theorem Q, 



TTXY* o v{y) = -^{t^xy o r]x{y)) 
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they are equal. Therefore ttxy o = o ttxy so the projectable vector field v defines a 

dt 



one-parameter curve {^t \ t € M} in Auty such that v = 4T^t\t=o- ^ 



We shall formally identify XY with the tangent space at the identity of Diff y, the group 
of diffeomorphisms of Y. Subsequently, we will formally identify Xp^^^Y with the tangent 
space at the identity of Auty. However this ignores the topology of Y. Milnor |13| | notes 
that if y is compact then Diffy is a Lie group that admits a C°° manifold structure. 
For noncompact Y we may choose only to consider diffeomorphisms which are the identity 
outside a compact subset of Y. This leads to vector fields that vanish outside this subset. 

There is a slight ambiguity because Xp^-^jY serves both as the Lie algebra and as the 
collection of infinitesimal generators. To resolve this, let [^, Q denote the Lie bracket defined 
on the formal Lie algebra of left invariant vector fields on the manifold Aut Y, and let [^y , ^y] 
denote the usual Lie bracket defined on XY (in which the vector fields are right invariant 
with respect to the Auty action). See [||, Exercise 4.1G] for a clarification. 

The canonical lift [^] of riy S Aut y is a map 

■qz : Z ^ Z : {■r]y'^)*{z) . 

The map r]z is a 7rxz~bundle map under which Q is invariant. For ^ E Xp^^-^ , it follows 
that Lg^O = and the induced momentum mapping defines the momentum observable 

JiOiz) := J e{z) = 7T*yz{^YJ z) , (2.3) 

where is the infinitesimal generator of the ensuing action of Auty on y. It follows that 
J is ^d*-equivariant. That is, J{Ad~^^) = Vzi'^iO)- Let T^{Z) denote the vector space of 
momentum observables, and observe that ^ J(^) is a bijection from Xp^-^^Y to T^{Z). 

If in local adapted coordinates on we write ^ € Xp^^jY as ^ = V'ix^)-^ + C^i^'^ :y^)-^x, 
then 

miz) = ip\i^ + pe)d"-^x, - p\i^dy^ A (P-^x,, (2.4) 

and 

iz = e— + + (p' ^ -p^ ^ -p^ ^] — - (p^ +p^ ^] - . 

(2.5) 

From if ^y, (y G Xp^^^Y then iryz* [^z, Cz] = [^Y, Cv], and thus, by 1^, 

[^Z,Cz]JQz = 7T*Yz{[^Y,CY]-iz). (2.6) 

If we define a Poisson bracket by 

{J(0,J(C)}:=-de(ez,Cz) (2.7) 
then using L^^G = and the Lie derivative identities [Q, p. 121], 

[A:,y] J a = Lx(yJ a) -yj (Lxa) and Lxa = X J da + d{X J a) , (2.8) 
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we obtain 

{j(e),j(c)} = J(K,c])-d(ezJ CzJ e). (2.9) 

For an alternative proof using the Ad* equivariance of J, see ^, Prop. 4.5]. 

The Poisson bracket on T^{Z) given by (|2.7| ) is not a true Poisson bracket because there 
lacks an associative multiplication of (n — l)-forms on which the bracket acts as a deriva- 
tion. Worse, d{^z Cz-i ©) is not in T^{Z) because from equation ( |2.2D the Hamiltonian 
vector field of an exact form is the zero vector field on Z, but the momentum observable 
corresponding to the zero vector field is the zero (n — l)-form on Z. Thus, T^{Z) is not 
closed under the Poisson bracket. Equation ( |2.9D explains the remark in Q that the Pois- 
son bracket of two momentum observables "is up to the addition of exact terms, another 
momentum observable." 



3 Momentum mappings on the vertically adapted linear frame 
bundle 

For an n-dimensional manifold M, the linear frame bundle LM has an M"-valued canonical 
soldering one-form P], which we regard as an n-symplectic potential. This geometric object 



has been shown |16| to generate the canonical one-form on the cotangent bundle T*M. 



Norris's program of n-symplectic geometry [|T^, 16, ^] originates from the exterior derivative 
of the soldering form, which is a closed nondegenerate two- form serving as an M"-valued n- 
symplectic structure form. The n-symplectic geometry generalizes the symplectic geometry 
of classical particle mechanics on T*M. 

Now, for the (n -|- A;)-dimensional field configuration bundle Y, we shall treat the canon- 
ical soldering form 6 on LY as an (n + /c)-symplectic potential 0. 

Definition (motivated by the definition of an adapted frame |^]) The vertically adapted 
frame bundle LyY is defined to be 

LvY := {(y, {6^,6^}) G LY \ {e^} is a frame of ViTyY)} . 

The bundle LyY is a reduced subbundle of LY obtained by breaking the GL{n + k) sym- 
metry of Ly |10|. 



The structure group of LyY , expressed with respect to the standard basis of M"^'^ is 
the adapted linear group 

G^:=|(^^ I € GL(n), e GL(A;), A G M'^^" 

with multiplication defined by block matrix multiplication. For convenience we write 
N G \ 

G as (A, AT, A). The free right action of Gj^ on LyY is given by 



A K 



(y, {e,, eA]) ■ (A, K, A) := (y, {ejN^ + esAf , eeK^}) • (3.1 
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Let (y, {e*, e"^}) be the coframe dual to the vertically adapted frame (y, {cj, ca})- We may 
define the right action of on {y, {e*, e"^}) by 

{y, {e\ e^}) ■ {N, K, A) = {y, {{N-'))e^ , -{R-^ AN~^)fe^ + (i^-i)^e^}) . (3.2) 



The coframe in ( |3.2| ) is dual to the frame [y, {ej, e^}) • (A^, K, A). 

The pullback of the (n + A;)-symplectic structure form dO via inclusion i : LyY ^ LY 
is closed and nondegenerate on LyY, just as d9 is on LY. Local coordinates on LyY are 
{x*, y"^, TT*, 7r^,Trf}, where {x\y^} are local adapted coordinates on Y and vr* := e*(^), 

T^B ■= e^(al^) and nf := e^(^). Let {R^,}^,=l,2,...,n+k be the standard basis of M'"+'=, 
{ri}i=i^2,...,n be the standard basis of M", and {sA}A=i,2,...,k be the standard basis of R'^. 
Then, we define n := (ri,0) G M"+'' and sa ■= (0, s^) € M"+''. Thus, in local coordinates, 

i*e = TT^jdx^fi + {nfdx^ + 7r^dy^)sA 

and 

i*(i6' = (ivr* A dx^' (g) u + (dirf A dx* + dvr^ A dy^) (g) • (3.3) 



Definition A Hamiltonian observable on LyY is an IR^-valued function / on LyY that 
satisfies 

df = -XjJ i*de , (3.4) 
for some X € A'(Lv'y). The vector field is then called a Hamiltonian vector field on 



As in the n-symplectic theory on LM 16, 17 1, equation ( p.4| ) admits neither all vector 
fields nor all M'^^'^-valued functions. 

Definitions 

• The vector space of Hamiltonian observables on LyY is denoted by HF^(LyY). 

• The vector space of Hamiltonian vector fields on LyY is denoted by HV^{LyY). 

• T^{LyY) is the vector space of tensorial M^^'^-valued functions on LyY. 
An element of T^{LyY) can be expressed in local coordinates as 

/ = r (x^ y^)7r^' ® r, + /^(x^ y^)7r^ ® 1^ + f (x^ y^)7rf ® • 
For / € T^(Lv'y) we solve equation (3.4) locally for Xt. This yields 
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subject to the constraints on / 



= 1, . . . , n and ^ = 1, . . . , /c. (3.5) 



Thus, T^{LvY) HF^iLyY). Define T^iLyY) := HF^iLyY) nT^iLyY). Since LyY is 
a subbundle of LY, a point w £ LyY is a linear isomorphism : M""*''^' — > T^^ ^^^(^^^Y . 

Moreover, for g G G_4, • (7)!/ = w{gV) for each y G M"'+'^. Hence a tensorial function 
/ corresponds bijectively to f G XY by the relation f{w) = w~^{i{7rY Lvy{w))). Now, if 
/ G Ty{LvY) then, by (^), /* = /*(x-^) and / is induced from a projectable vector field. 
Conversely, f G Xp^^^Y gives a tensorial function / satisfying (|3.5D . Combine this with the 
results of Section 2 to obtain the following proposition |lO| . 

Proposition 3.1 T^^(Lyy), T^{Z), and Xp^o^Y are in pairwise bijective correspondence. 
Furthermore, if n > 2 and k > 2 then HF^{LvY) ~ T^{LvY) C°°{X,W) C°°(y,M''). 



Definition Let S be a Lie group with an action on LyY under which i*d9 is invariant. 
Let g be the Lie algebra of 9- A mapping J : LyY — > g* (g)M"'"'"'^ is a momentum mapping if 

= -avy-l ^^i*^ v^G 

where ^L^y is the infinitesimal generator of the S-action on LyY generated by ^ G g and 
J(e) : LyY is defined by 

j{^){w) = < J{w),i> yweLyY. 



Note that a momentum mapping on LyY is the restriction of a momentum mapping on 
LY (as defined in When necessary, we will write J = JlvY to clarify that J is a 

momentum mapping on LyY. Furthermore, for any ^ G fl, j(^) G HF^(LyY) and its 
corresponding Hamiltonian vector field X G HV^{LyY). 

Now we consider momentum mappings when 9 = Auty. Define Aut(Lyy) to be the 
subgroup of T)iS{LyY) whose elements are fiber bundle automorphisms both over Y and 
over X. Let r/y G AutY cover r]x G Diff X. Define the mapping 

VLvY ■■ LyY LyY : {y,{ei,eA}) ^ {r]Y{y),{vY*ei,r]Y*eA}) ■ 

Clearly, ijiyy is bijective and smooth and has a smooth inverse. By definition, vry L^y o 
flLvY = VY o T^YLvY- Since 7rxy*??y*eA = r?x*7rxy*e^ = 0, it follows that ??y*e^ G 
V{Tj^Y{y)^) and thus rj^yy G Aut(Lv'y). Therefore, 7?L^y is the canonical lift of r/y. 

Remark We cannot naturally define a lift of Diff y to Aut(Lyy). Indeed, let X = M and 
Y = X xR. Define / G Diffy by f{x,y) = {y,x). Then /*(^) = ^, which implies that 
f*{V{TY)) % V{TY). 

Proposition 3.2 The (n + k) -symplectic potential i*9 on LyY is invariant under the 
canonical lift of each automorphism of Y . Conversely, every element of Aut{LyY) that 
leaves i*0 invariant is a lift of an automorphism ofY. 



A Frame Bundle Generalization of Multisymplectic Momentum Mappings 



9 



Proof We modify a result of Kobayashi and Nomizu [^. Let rjy G Auty and let r]LvY 
be its lift. We may view any w G LyY as a linear isomorphism w : W^~^^ — > T-j^^ ^^^^(y)^ ■ 
Then, as linear isomorphisms, rfLyyiw) = VY^w and thus rjiyYiw)"'^ °'nY*w = w~^. So, 
for E T^{LvY), 

VLvY'i'*^iXw) = i*di{VLvY*x)'nL^y{w)) 

= VLvYiwy^ilTY LvY*VLvY*x)rjL^Yiw) 
= r]LyY{wy^ or]Y*w{-n-YLvY*X) 
= W~'^{TrY LvY*X) 

= i*9iXj. 

Conversely, let F G Aut(Lyy) leave i*6 invariant and cover tjy € Auty. That is, vry lyY ° 
F = TjY o TTy LvY- Let fii^Y denote the natural lift of r/y and define H := fjj^^y ° ^- Then 
H leaves i*9 invariant, and vry o H = ny LyY- So for G T^(Lyy), 

H*i*e{x^) = i*e{x^) 

H{w)~^{tTy LyY*H^X) = W~'^{TrYLvY*Xw) 
H{wy^{TTYLvY*X) = W~^{tTyLvY*X) 

So H{w) = w \/w € LyY and thus H = Id^^^y. □ 

Denote the action of Aut 1" on y by ^' : Aut y x y — ;> y. By Proposition this 
action lifts to an {n + A;)~symplectic action ^ : Aut Y x LyY — > LyY . Now, a projectable 
vector field generates a one-parameter group ipt of local automorphisms of y, which lifts to 
a one-parameter group ifjt of elements of Aut(C/) for some open set U C LyY . The vector 
field := {d/dt)ipt on U is the infinitesimal generator of ipt and thus is the natural lift of 

Lemma 3.3 Let ^ € XprojY he the infinitesimal generator of the action o/ Auty on LyY . 
Then 

JiO ■.= ^LyY-ii*9 

is in Ty{LyY), and its corresponding momentum mapping J is Ad* equivariant. Further- 
more, every element of Ty{LyY) can he identified with j(^) for some ^ G Xp,.„jY. 

Proof Because i*9 is invariant under ^, it follows that Ij^^^yi*d = 0. Using ( p. 8]) , 

we obtain d{^LvY -i i*0) = -^LyY-i i*d0 , so ^LyY-i i*0 G HF^{LyY). If is the 
local flow of ^LyY in a neighborhood of tt; G Lyy, then for G G^^, Rg o tpf = tpf o Rg 
since V'i is a local automorphism of LyY. Thus, Rg*^LvY{w) = ^LvY{Rg{w)). Because 
i*9 is G^-tensorial, it now follows that i?*(^i^y J i*6){w) = g^^ ■ (.^L^y J i*6){w). So 
^L^y J z*0 G Ty{LyY). The proof that J is Ad* equivariant is exactly analogous to 
Thm. 4.2.10]. By Proposition |3.l| any element of TY{LyY) can be identified with some ^ 
in Xp^ajY and thus j(^). □ 
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Let C £ ^PvojY and let J be the momentum mapping induced by ^. Define an M"^'^- 
valued Poisson bracket by 

{J{OJiOr = -di*e^'{^LvY,CLvY), f^=l,2,...,n + k. (3.6) 
By Proposition |3.2|, identities ( ^.81) , and the fact that tt^^y Lyy[^LvY,Clvy] = [CF;Cy]) 

{J(0,J(C)} = J(K,C]). (3.7) 
Observe that (p.TD has no additional term, in contrast to (|27 



4 Generalizing multisymplectic momentum mappings 

Define a hnear left action of on the vector space R"^'' X M as follows. 

{N, K, A) ■ {B, A) := det(A^-i) {NBR-^, A - tr{BK-^A)) (4.1) 



The associated vector bundle LyY {^^^^ x IR) is constructed using the actions in ( |3.lD 
and ( |4.1| ). For a point (y, {ej,eyi}) € iv^; define 

a;(e) := A A • • • A and a;(e)i := ej J a;(e) , (4.2) 

where {e*} is the dual basis of {ej}. From (^), if (y, {e',e'^}) = (y,{ei,eyi}) • (A^, if, A) 
then w(e') = det(A^~^)Lij(e) where e = {ej} and e' = {e^}. 

Theorem 4.1 T/ie map 

/5 : LvY i^"''"' X M) ^ A^F 

[(y,{ei,eA}),(S,A)] ^ (y, S^e^ A a;(e), + Ac^(e)) 

zs a vector bundle monomorphism over Y. The range of p is Z. 



The proof of the theorem appears in |10|. Thus, the multisymplectic phase space Z is a 



vector bundle over Y associated to LyY. Also, the jet bundle JY is associated to LyY m 



12 1, but this construct is not necessary for us to proceed here. Prom Theorem the 
relationships between local coordinates {x^ , , P''^ , p} on Z and {x*, y"^, vr^, vr^, vrP) on LyY 
are 

p^ = det(^,") B\n^{n-')i and p = det(^,")(i?^^,^(7r-i)f + A) . 

Let S G M"'''' and A € M. Define the map 

<P^B,x)- LvY ^ Z p[uj,{B,X)]. (4.3) 

The map 4'{b,\) preserves fibers over Y, and its range is a subbundle of Z with standard 
fiber the G^-orbit of {B,X). The G^-orbits for all nonzero B G M""^*^ are classified by the 
rank of B. 
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Using Proposition 3.1 we may establish that for ^ € Xp^^jY, 



(4.4) 



This is anafogous to Thm. 5.2] and is easily verified by local coordinate calculations. 

In order to derive the multisymplectic potential on Z from the (n + /c)-symplectic 
potential i*Q on LyY ^ we must make some preliminary remarks. Let {-R^}, /U = 1, . . . , n + /c, 
be the standard basis of M"'"'"*^ and let {i?'^} be the corresponding dual basis. Define the 



A' 



valued (p + g)-form K 



Rf,^ A ■■■ A R 



G A 



m-mn+k 



and Ri'^-f" 



R''^ A-- - A i?''™ G A'"M"+''*. Let a be a A'"M"+''-valued p-form and let (3 he a A'W+''- 



valued g-form on a manifold. Then a 
Define 



a 



a A P := {a'^'-f'- A P"'-"^ 
Let {y,{ei,eA}) G LyY. From (| 



) Rfj^i-.-ij.^ and P 



R 



1 



n 



,e*i A 



Ae' 



and Loie' 



1 



3 ■~ 



e'l A • • • A e' 



where eii...i„ is the sign of the permutation (1, . . . , n) i — > (ix, . . . , in)- 

Theorem 4.2 For n >2, the A'^W^^'^ -valued n-form i* A" 6 on LyY can be related to the 
canonical n-form @ on Z by 



{A^i*9,V{B,X)) = (t>lB,x)& 



(4.5) 



where the map V : 



pnxfc 



A 



n-mn+k* 



has components 



and 



VA^...Aih...i^_,{B,X) 



^,Aeji,,,i„ , 

^]-°A''jn...«n-i 
V/ > 2. 



The theorem is proven in |1C]. Equation (4^) holds for n = 1 \iVi{B, A) = A and Va{B, A) 
Ba. 



Lemma 4.3 Let ^' be the lift to Z of the representation ^ of KniY on Y . Let B G 



j,nxk 



and A G M. Then, using the identification LyY ^-Ga (I^"^^ x M) ~ Z from Theorem 
^ (ryy , [(y, {e„ e^}), (5, A)]) ~ [§(7?y, (y, {e^, e^})), (S, A) . 

As a consequence, 4'(B,x) ° ^ fiw) = j o (l)(^^^^^{w). 
Proof Using the action in ( [4.1| ) and Theorem |4.1| , 

^{riY,{y,{ei,eA})),{B,\) ~ (r?y (y), 5^(?7y,e)*^ A cj(ryy*e)i + Aa;(?7y*e)) 

= {vY{y),VY^*{B\e^ Au;{e)i + \Lo{e))) 
'^(r?y,[(y,{ei,e^}),(i?,A)]). 
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By choosing representatives of the equivalence classes, we see that <P(b,x) ° f{w) = f 

4>{B,X)(.W). □ 

Theorem 4.4 Let w G LyY and {B, A) G M"'"'' x R. 

0(B,A)*(4(O) = A (A"-V0),nF(i?, A)) 

i(;/iere V{B,X) G a"M("+'')* is de/ined in Theorem gj. 



Proof Let w = {y, {e^, e^i}) G LyY, and let V't be a local one-parameter group of X. Then 
V't is a flow on L^y and tpt is a flow on Z. It follows from Lemma and equation ( [4.4D 
that (t>(B,x) ° Mw) = ipt o (hB,x){w) and thus (t>{B,x)^^LvY{w) = ^z{4>{b,x){w))- Using 
equation (p. 3D and Theorem [4 .21, 



JL^y(0 A(A"-V0),nF(i?,A)) = ((a^yJ AV0),V(i?,A)) 

= ^LvY-i </>(B,A)*0 

= <A(B,A)*(ezJ e) 

= (l>iB,X)*Jz{0- D 

The last theorem motivates us to represent Ty^LyY) in the space of A'"+i]R"+'=-valued 
m-forms by 

m ^ m A (A"i*0) (4.6) 

for < m < n + A;. By induction, 

CLyY J A'"r6' = m J(0 A (A^-if*^) . (4.7) 

Because for each 0<m<n + k — 2 the form d(A™+^i*0) is closed and nondegenerate, it 
is a candidate for a higher degree generalization of the (n + A;)-symplectic form i*d6. Using 



(g3) and 

d{A"'e) = mdeA{A'^-^e), 

it follows that 

d{J{0 A (A"i*0)) = -^LyY-i {i*de A (A™r6')) . 

For < m < n + k define a bracket on the image of representation ( [4 .61 ) by 

{ J(0 A (A™r^?), J(C) A (A"^r0)} := J CwyJ {i*d9 A (A^r^)) . 

If m = then this becomes the bracket on Ty{LvY) given by (|3.6| ). This sign convention 
for the bracket is consistent with ^ and is the negative of that of [^]. Computation on 
the forms yields, for < m < n + k, 

{/ A (A™r 0), 5 A (A™i*0)} = {/, g} A (A™^^) +md{f AgA {A"'-H*9)) . (4.8) 
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Equation (4.8) is of particular interest when m = n — 1, / = j(^), and g = j{C)- In this 
case we have reproduced on LyY the exact analogue of the problem in ( |2.9D that T^{Z) 
is not closed under its "Poisson" bracket. We could extend the algebra of momentum ob- 
servables on LyY under representation (|4.6| ) to include closed M^^'^-valued (n — l)-forms 
but its representation into HV^^LyY) would have a kernel larger than that of the rep- 
resentation from Ty{LYY) into the same space of vector fields. The space Ty{LvY) of 
I^'^+'^-valued Hamiltonian tensorial observables already possesses a well-defined Lie algebra 
under (|3.6|), Proposition 3T shows that Ty{LvY) and T^{Z) are in bijective correspondence, 



and equation (4^) relates the corresponding spaces of Hamiltonian vector fields. Thus the 
(n -|- A;)-symplectic geometry of LyY not only generates the multisymplectic geometry of 
Z for classical fields but also possesses an algebraic structure that Z lacks. 



5 Conserved quantities 

Let Sf^u denote (gig Rv, where ®s is the symmetric tensor product. 
Definitions 

• Let ST'^{LvY) denote the vector space of tensorial M""^'^ M"'''''^-valued functions on 
LvY. 

• Let HF'^{LvY) denote the vector space of M"+'= M^+'^-valued functions g = g^'^S^y 
on LyY that satisfy the symmetrized (n -|- A;)-symplectic equation 

dg^"" = -2X^''J i*de''^ (5.1) 

where X'^R^ is an M"''''^-valued vector field and parentheses denote symmetrization. 

• Let HV^{LyY) denote the set of M""'"'^-valued vector fields X-R^^ satisfying equation 
(|5.1| ) for some g^'^ € HF'^{LyY). We shall call such vector fields Hamiltonian. 

• Let ST^{LvY) := ST^{LvY) n HF^{LvY). 

Tensorial properties require that g € ST'^{LyY) appear in local coordinates as 

g{u) = g'^7^y^Sui+g''7:t^]SiA + g'MASiB (5.2) 
+ g^^T^t'^f Sab + g^^T^tT^cSAB + g'^^T^c'^D^AB , 

where the component functions 5*-', g*"^, and g"^^ are functions of and y"^. If 5 € 
STy{LvY) then the only additional restriction we have is that g^^ = g^^x'^). So STy^LyY) 
is in bijective correspondence with the space of projectable symmetric tensors of degree 2 
on Y. This is in exact analogy to Proposition pTl] . 

As in the theory on LM [^], symmetrization in equation ( |5.lD means that the M"^'^- 
valued Hamiltonian vector fields X~R^ are not uniquely determined by g G STy(LYY). 
Rather, they are determined locally up to the addition of vector fields Y^R^ which satisfy 

y(^jrdr) = o. (5.3) 



14 



J. K. Lawson 



Thus each must be a vertical vector field. For a given g G S'Ty(Lyy), two ]R"'^'^-valued 
Hamiltonian vector fields are in the same equivalence class if their difference Y^^ 

satisfies ( |5.3[ ). Obtaining vector fields only up to equivalence does not affect the basic 
algebraic structures of the (n + /i;)-symplectic geometry on LyY. For example, if / G 
Tyi^LyY) and g G STy^LyY), define a Poisson bracket by 

{f,g} ■.= -XfignS,., 

or use any representative of the equivalence class [^g]'^ to define a Poisson bracket by 

{g,f} = -2X^^{ry)S^,. 

The two are related by {g,f} = —{f,g}- The algebra may be extended to higher de- 
gree observables and tensor- valued Hamiltonian vector fields, generating an algebra corre- 



sponding to the symmetric differential concomitants of Schouten |ll9(| and Nijenhuis |14|. 
See ||l^, 16, ^] for details on how this is done on LM. The proofs easily extend to LyY. 

Lemma 5.1 Let f = f^R^ G Ty{LyY) and let be its corresponding Hamiltonian vector 
field. Let g G STy^LyY) and let X^ be a representative of its equivalence class of 
corresponding M.^'^'^ -valued Hamiltonian vector fields. If {g,f} = 0, then for each n = 
1,2, . . . ,n -\- k, /'^ is constant on the orbits of each X^^ G 



Proof ll] Let F/" be the flow of Xg^' G [X^f . Then 

^(FoFn = (Ff)*(Lx,.(/>)) = = -hFtn{g,f} 



So if {g, /} = then ^{f^ o F^") = 0. This holds regardless of the choice of representative 

of[x^r. □ 

Theorem 5.2 Let ^ be an {n + k)-symplectic action of a subgroup H of AutY upon LyY, 
and let J be the corresponding momentum mapping. Suppose that g G STy{LyY) is invari- 
ant under the action. Then J provides n + k integrals of g in the sense that 

J^{Ft{u)) = J^{u), 

where Fj^ is the flow of any representative of \X^\^^ , /x = 1,2, . . . ,n + k. 

Proof The proof follows |16, Appendix 1] and [|l|, Theorem 4.2.2]. Let f) be the Lie algebra 
of H. From our remarks in Section ^, if i7 C Auty then \) C Xp^^jY . For each ^ in P), 
invariance of g under <I> implies 

9{^c.m)i^)) = 9{u) ■ (5-4) 
Differentiating ( ^.4[) at f = gives us dg{^LvY) = , which implies that 

L«^,.^(9) = 0. (5.5) 
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By Lemma 3.3 if ^ G Xp^^^Y, then j(^) G Ty(Lyy). This and (5.5) imply that 

{j(e),5} = o. 

Hence, by Lemma 

{j{onFt(u)) = {j{onu). 

Thus, by the definition of a momentum mapping on LyY, 

J^{Ft{u)) = J^{u). □ 

6 Examples 

6.1 Linear momentum in field theories 



Following examples in |I[ and ||16|] , we express linear momentum in the language of momen- 
tum mappings on LyY and on Z. Let X = W,Y = R"+'=, and 3 = (So g is 
the abelian Lie algebra M"^'^.) Define an action of 3 on y by 

^, ,^^Y ^Y ■.{g,y)^^g{y):=g + y. (6.1) 

Define 

* : g X X ^ X : ((?, x) ^ ^g{x) := Fn{g) + x , (6.2) 

where Pri : R"+'= ^ M" is projection onto the first factor. Then ^'^ and are bijective 
and ^gOTT = TTo^g. Thus g i— > is a representation of S in Aut(y). Now we may compute 
the generators of the action. First, define a lift ^ of the representation ^ to LyY by 

= (y + £/,{ei,eA}). (6.3) 



Let ^ € g. The infinitesimal generator on the action on LyY is 
^LvY{y,{ei,eA}) = ^{y + exptX,{ei,eA}) 



(6.4) 

If ClvY = + ^^SA then we may write equation ( |6.4D locally on LyY as 

From equations ( ^.31) and (|6.5D , the corresponding momentum mapping is 

Jlvy{0 = ^LvyJ i*0 = ei^lfj + e^vr^SB + eiifsB (6.6) 

or 

JlvY = TT^r* (g) r,- + 7r4s^ <8) sa + vrf (g) sb- 
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The ]R"''''^-valued function Jl^y (0 interpreted as a momentum frame |jTf 

Now consider hnear momentum on Z, using the same S and Y as before. The hft of ^ 
to Z is given by 

As with the case on LyY, in local coordinates, 

On Z we may write 
or locally, 

Jzii) = i^'Aid^-^x), + Cp^Ady^ A {d^-\),, + , (6.7) 

which has the interpretation of the hnear momentum of a field and is consistent with [P, p. 



45]. To verify Theorem gj, namely that {Jlvy{0 ^ (A"-ii*(9), F ) = (p(B \)*{Jz{C)) , we 



may perform a local coordinate calculation comparing (6.7) with ( 



6.2 Angular momentum in field theories 



Motivated by examples on the cotangent bundle [y and on the linear frame bundle |16|, 
we express angular momentum in the language of momentum mappings on LyY and on 
Z. Let X = M" and Y = M"+'' and let {x\y^} be adapted coordinates on Y. Let r/ be a 
constant nondegenerate metric on M" and let z. be a constant nondegenerate metric on M'^. 
(For example, to model the space of 4-vector electromagnetic potentials over Minkowski 
spacetime, both t] and i could be the Lorentz metric on M^.) Construct the Kaluza-Klein 
metric G on y using an Ehresmann connection 7 : TY V{TY). The Kaluza-Klein metric 
is the fiberwise bilinear map G on TY given by 

G{v, w) = tt*xyV{v, w) + L{'y(v),-f{w)) . 

If we use the trivial Ehresmann connection then 
G is itself constant and nondegenerate, G\^(TX) = -q, and G\V{TY) = l. In adapted 
coordinates, 

G{v, w) = rjijv'^w^ + labv^w^ ■ 

Define a left action <I> : {On{n) x Oi,{k)) x y — > y by left matrix multiplication on column 
vectors in M"+*^, and $g(y) := ^{g,y). Define a left action 

$ : (Oriin) x 0,{k)) xX 

by ^{g,x) = vr o ^(gx) =: ^g{x) where M" ^ M"'^^ : x x is inclusion. Observe that 
$g and are bijections and that ^g o vr = vr o Thus g ^g is a representation of 
0^(n) X 0,{k) in Aut(y). 
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Remark The larger group Ocin + k) does not possess a nontrivial left action on X = M". 
Under left multiplication of GL{n + k) on M"^'^, g G GL{n + k) leaves M" invariant if and 
only if 5 G Ga- Thus, we use Or^{n) x Ot(A;) = Ga n Ocin + k). 

To compute the infinitesimal generators, let ^ = i'^E'^ G o^(n) x (/;;), where {-B^} 
is the standard basis for the Lie algebra 0l(n + k) and the subset {Ej,E^} is a basis for 
Or;(n) X Oi{k). Then the infinitesimal generator of the action of on y is 



■^J Qj.t QyA 

Note that TTxY*{£,Yiy)) = Cj^'^ = Cx{T^XY*{y))- Observe that is a Killing vector field 
of G. Indeed it is easy to verify that 

G^A^Yr,n+G.u{^Yr,^=0. (6.8) 

If K = C and fi = D, then the left side of ( |6.8|) simplifies to ioA^.^ +^^iAC, which vanishes 
because (^^) G 0^{k). If k = k and IJ. = I, then the left side of ( |6^ ) becomes r//j^| + CiVik, 
which vanishes because (^j) G Or]{n). If k = I and /x = C or vice-versa, the left side of ( |6.8D 
is identically zero since GiA = 0. 

Let M G and G o,,(n) x Ot(A;). The momentum mapping on LyY associated with 
the action defined above is 

and if (Cj^) is the basis of Ql{n + k)* dual to (E^) then 

J(n) = C^x'^Trjr, + (C^xV/ + C^y^7r^)sA 

= r/fczC'%V;f, + (ryfc,C^\V/ + .^£;C7^^y^7r^)5A (6.9) 



'3 -^3"^^ 'K ' w-'i''] 

^2 I 




The function G corresponding to the metric G is in STy{LvY), and via equation ( p.l| ), 
produces a system of n + A; Hamiltonian vector fields, 

- „jk Ad , BC Ad lO.iUj 

Equation ( |6l^ ) implies that the are tangent to the On{n) x Ot(/c) subbundle of LyY. By 
Theorem [5.2| , each J'^ is constant along for the same fi. We may interpret J* to be the 
component of the (extrinsic) angular momentum in parameter space (e.g., Minkowski 
spacetime) and to be the component of the total angular momentum (both extrinsic 
and field) in the field configuration space. As a result, along an integral curve (a solution of 
Hamilton's equations for the metric Hamiltonian), the gives the equations x^ = tj'^^tt) 
and = TT^ = 0. Integrating with an initial condition uq = (yo, {cj, eA}o)j we obtain in 
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local coordinates the flow = {x^ + tr/'^%*-, y"^, vrj", vr^, 7r£), which is the same as the flow 



of XI on X. In fact, 

foF^ = TT'jix'' +tr]''^7ri)Cl (no sum on i) 

= ^yci 

= J\ (6.11) 
From the X^ we obtain = ij^'^ir^, ip = i^'^ir^, and vr^ = 0. The flow for X^ is 

F,^ = {x' + trl^Hj, + t.^^vr^, vr^, , 

and 

J^oF^ = nfix'' + tr]''^Trf)Ci + TTi{y^ + ti^^TT^)CE (no sum on A) 

= Trfx'^Ci + TT^y^CE 
= xVx'^^Q. + y^^y^^CnB 

= J^. (6.12) 

Thus along a trajectory (integral curve) extrinsic angular momentum is conserved (equa- 
tion ( |6.11D ) and total angular momentum is conserved (equation ( |6.12| )). 

If n = 1 then we may model time-evolved particle mechanics (with k degrees of freedom) . 
The group action is, up to time rescaling, merely that of the orthogonal group in the k 
spatial dimensions. Equation ( |6.11|) reduces to J* o = 0, and equation ( |6.12[) reduces 
to J*-" o F^^ = ij^^y^^CAB ■ Thus time parametrization has no effect on the conservation 
of angular momentum. If A; = 1 then we may model scalar fields over parameter space. 
The group action is, up to rescaling in the field, merely that of the orthogonal group in 
the n spatial dimensions. Then equation ( |6.1lD is left intact and equation ( |6.12 ) reduces 



to equation (|6.11| ). The scalar field angular momentum comes purely from the parameter 
space. 

6.3 AfRne symmetry in time-evolution mechanics 

Let X = M and let F = M x M^, with coordinates {x° = t,y^]. Give X the Euchdean 
metric, and let t be a constant nondegenerate metric on the fiber M'^. Assume the trivial 
connection of Y over X to construct the Kaluza-Klein metric G on Y , 

G{V,W) = V°W° + LABV'^W^ . 

Construct a subgroup of GL{k -|- 1) by 



1 

V K 



K G 0,(fe), V e 



A Frame Bundle Generalization of Multisymplectic Momentum Mappings 



19 



The group S(^) is the semidirect product of with Oi{k). The left representation $ : 
9ik) xY ^ Y defined by left matrix multiplication covers the trivial representation of S(^) 
on X = M, so that for all g G 9{k), G Aut(y). Lift $g to an action of 9{k) on LyY. 
The corresponding Lie algebra g{k) is the semidirect product of M.^ with Ot(fc), and may be 
represented as a subalgebra of Ql{k + 1) by 



dik) 





V k 



k G Oi^{k), V G 



0,A\ 9 



If we express the basis of g{k) by {E^, sc} where {E^} is the standard basis for o^{k) and 
{sc} is the standard basis for R^, For ^ G fl(fe), we may write ^ = k^E^ + v'^sa- In local 
coordinates the corresponding infinitesimal generator on Y is ■^y(y) = {k^y^ + x^v 
The corresponding momentum mapping on LyY is 

JiOiu) = {k^y^7r^ + x%^7T^)sB 
or if {C^, s^} is the basis of Q{k)* dual to {E^, sc}, 



The function G corresponding to the metric G is in STy{LvY) and, via equation 
produces an equivalence class of M^^^-valued Hamiltonian vector fields l-'^g]- We choose a 
representative of this equivalence class, expressed in local coordinates as 

= ^OTwT and X^=T:^ — + i vr^- 



Along an integral curve of X^, we get the equations x° = ttq and = tt^ = ttq* = vtq = 0. 
Integrating with suitable initial conditions we obtain Fl = (xO + TrgA, y^, vr^, vrO). So, 

Along an integral curve of X^, we obtain the equations 

Integrating with initial conditions we get F^ = (x*^ + vr^^A, y*^ + Ai'^'^vr;^, 7r|^, vr^, ttq). So, 

J^oFf = (x° + 7r^A)7rf + (y^ + Ai^^7r^)7rgC|' no sum on S 

= x^ij^LAcs^ + y^y^tADC^ + Xi^iAcy^s^ 

= yiEVDjC^^ + x^y^LACS^ + Xx^LAcy^s"^ 

= + Xx^iAcy^s^ . (6.13) 

Apparently ( |6.13| ) violates conservation of angular momentum along the flow, because 
F^ is not an integral of the motion. Closer observation reveals that the additional term 
describes the contribution to the angular momentum from shift of the point in Y under the 
translational part of 9(fc)- Indeed if we restrict the action to 0^{k) C S(^), then the extra 
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term disappears as in equation ( |6.12| ), and we produce conserved angular momentum along 
flows in the spatial directions. Thus the (n + A;)~symplectic geometry adjusts the angular 
momentum to accommodate a change in reference frame. 

If = 3 and i is the Euclidean metric on M'^, then S(3) = i?(3), the Euclidean group. 
Equation ( |6.13D may be interpreted to be the "parallel axis theorem" of classical mechanics. 
If A; = 4 and i is the Lorentz metric, then 3(4) = £'(4), the Poincare group, and (6.13) 



indicates how to transform 4-angular momentum when boosting from one relativistic inertial 
reference frame to another. 

6.4 Time reparametrization symmetry in time-evolution mechanics 

Let X = M and let y = M x Q, where Q is a /c-dimensional manifold. Again, coordinates on 
y are {x^ = t, y^}. Let X have the Euclidean metric and let Q have a Riemannian metric g. 
Assume a generic connection 7 : TY — > V{TY) expressed locally by jiv) = (v^ — v^'y'^)-^x■ 
The resulting Kaluza-Klein metric G on y has local coordinate expression, 

G{V, W) = {1+ QABl^l'^yw' + QABl^iv^'w^ + V^W^) + QABV^W^ • 

Let S = Diff R act on Y by time reparametrizations. The corresponding Lie algebra g 
may be identified with C°°(M), and we may identify 5*, the space of densities on R, with g. 
This action can be represented in Auty, as it leaves the fiber of Y constant. Clearly this 
action may be lifted to LyY . In local coordinates, / € DiffM has infinitesimal generator 
/y = /(x'^)g|jj, which lifts to a projectable vector field on LyY , fiyY = fi^^)'£ip- Using 
Lemma |3.3| the corresponding momentum observable is 



or 

JlvY ■■ f ^ f ■ {t^o SA + vr{}fo) . 

On LyY we may note the time-dependence of the momentum observables. In fact the 
second term describes momentum along the time parameter and the first term provides an 
adjustment in momentum in the fiber of Y to account for the time reparametrization. 
The lift of the action to Z is fz = fy = f{x^)-£^, and its momentum observable on Z 

is 

4(/)(x°) = /zJe = p/(x°). 

Note the time-dependence of the momentum observables on Z ~ T*M x T*Q. 

The tensorial function G on LyY corresponding to the Kaluza-Klein metric G is in 
STy{LyY) and, by (|5.lD, produces equivalence classes of Hamiltonian vector fields l-^^]'^. 



If in addition to (5J) the Hamiltonian vector fields must satisfy a "no-torsion" condition, 



x^j XI J i*de = 0, 

then the Hamiltonian vector fields are unique and may be expressed locally as 

X^ = G^^TT^ + r'' G'^P-K^Tl^—— f6 14) 
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where {Y^} = {x^,y^} and T'^^ are the Christoffel symbols of the second kind for the 



vanish in ( 6.14| ). From this we may write the differential equations for the integral curve of 



Levi-Civita connection defined by G. Note that several terms such as 7r\,rQ^, and Fqq will 



X? through a point u £ LyY. We get (among others) a geodesic equation: 

and an equation of parallel transport of vertical frames, 

-A -pC -D A -pO -D A pC -OA -pO -OA _ r, 

This improves upon a "parallel transport" result of Norris 17|, because for a nontrivial 
connection 7 we obtain parallel transport of frames along the time direction without needing 
to assume that one of the legs of the frame is tangent to the geodesic. 



7 Conclusions 

This investigation shows that the (n + A:)-symplectic geometry of the bundle of vertically 
adapted linear frames LyY of a field configuration bundle Y extends the n-symplectic geom- 



etry of Norris |15, 16, 17 1 to provide momentum mappings for field theories. The "allowable" 
classical field momentum observables are a special case of these momentum mappings, gen- 
erated by lifting a bundle automorphism of y to a momentum mapping on LyY. These 
momentum observables improve upon the momentum observables found in the multisym- 
plectic geometry of Gotay, et al. Furthermore, we may interpret a Kaluza-Klein 
metric tensor on Y as the energy observable of the system and identify conserved quantities 
as those whose corresponding observables commute with the energy observable. Examples 
demonstrate conservation of the field, parameter space, and total momentum. Further- 
more, the frame bundle perspective can allow for adjustments in the conservation laws to 
accommodate a change in inertial reference frame. 

This work sets the stage for an (n + /c)-symplectic reduction by symmetry. Reduction 
by symmetry in this context would address field theories with symmetry but would employ 
a finite-dimensional approach. Progress on the Lagrangian side of this problem is seen 
using the multisymplectic approach (2|, ^] and in the n-symplectic approach [12, 18 1. It is 
hoped that a full program of field-theoretic reduction by symmetry, analogous to cotangent 
bundle, Lie-Poisson, or Euler-Poincare reduction, will emerge in the recent future. 
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